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The nonsymmetric-nonabelian Kaluza-Klein theory

M W Kalinowski+

Department of Physics, University of Toronto, Toronto, Ontario, Canada M5S 1A7
Received 9 August 1982, in final form 23 December 1983

Abstract. This paper is devoted to an (n +4)-dimensional unification of Moftat's theory
of gravitation and Yang-Mills field theory with nonabelian gauge group G. We found
‘interference effects’ between gravitational and Yang-Mills {gauge) fields which appear
to be due to the skewsymmetric part of the metric of Moffat’s theory and the skewsymmetric
part of the metric on the group G. Our unification, called the nonsymmetric-nonabelian
Kaluza-Klein theory, becomes classical Kaluza-Klein theory if the skewsymmetric parts
of both metrics are zero.

1. Introduction

The aim of this paper is to find the Kaluza-Klein analogue for Moffat’s theory of
gravitation (Moffat 1979, 1981, 1982a). In other words it will be an (n + 4)-dimensional
unification of Moffat's theory of gravitation and a nonabelian gauge theory (Yang-Mills
field theory, n =dim G, where G is a gauge group). Our unification called the
nonsymmetric-nonabelian Kaluza-Klein theory is analogous to the relation between
Moflat’s theory and general relativity. The diagram (figure 1) places our unification
among the above mentioned theories.

Roughly speaking, in the general theory of relativity, mass curves space-time. In
Moffat’s theory of gravitation, mass and fermion charge (fermion number) curve and
twist space—time. In classical (nonabelian) Kaluza-Klein theory, mass curves space—
time, and colour (isotopic) charges curve the additional n dimensions. In the nonsym-
metric-nonabelian Kaluza-Klein theory, mass and fermion number curve and twist
space—time, and colour (isotopic) charges curve and twist the additional n dimensions.

Mofat’s theory of gravitation is based on three fundamental geometrical quantities:
two connections I §, and W§, and the nonsymmetric metric g.s. This nonsymmetric
metric is equivalent to the existence of two geometrical objects defined on space-time:
the symmetric metric tensor

g = g(aﬁ)o—a ®§B
and the 2-form
g~ g[#ﬂ]g_u A 6"

In the general theory of relativity we have only one connection with vanishing torsion
and a symmetric metric on space~time. Thus we have only I and g. Of course in
Moffat’s theory connections I' and W are interrelated and have nonvanishing torsion.

+On leave of absence from the Institute of Philosophy and Sociology of Polish Academy of Sciences,
00-330 Warsaw Nowy Swiat 72, Poland.
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Figure 1. The position of the nonsymmetric-nonabelian Kaluza-Klein theory in general
relativity, the nonsymmetric theory of gravitation and the classical nonabelian Kaluza-
Klein theory. Abbreviations: GRT, general theory of relativity; NGT, nonsymmetric theory
of gravitation (Moffat’s theory, real version); NKK, nonabelian Kaluza-Klein theory;
NNKK, nonsymmetric-nonabelian Kaluza-Klein theory.

The classical Kaluza-Klein approach and its generalisation to nonabelian gauge
groups (Cho 1975, Kaluza 1921, Lichnerowicz 1955b, Kerner 1968, Rayski 1965,
Kalinowski 1981, 1983) was based on the following ideas.

On the space-time we have Riemannian geometry based on the metric tensor g
and we have general relativity with the local coordinate invariance principle. Simul-
taneously, we have a principal fibre bundle over space~time with the structural group
G (in the electromagnetic case U(1l)). The connection on this bundle describes the
Yang-Mills field (gauge field). We have also the local gauge invariance principle for
the Yang-Mills fields (or for the electromagnetic field in the case if G = U(1)).

The local coordinate invariance principle and the local gauge invariance principle
seem to be two major concepts of physics. The first is basic for general relativity and
other alternative theories of gravitation such as Einstein—Cartan theory, Brans-Dicke
theory etc. The local coordinate invariance principle is also basic in Moffat’s theory
of gravitation. The second one, the local gauge invariance principle, is fundamental
for electrodynamics. The first was introduced by A Einstein and the second by H
Weyl. Now we know the principle of local gauge invariance is fundamental also for
weak and strong interactions (Weinberg-Salam model and quantum chromodynamics),
but the gauge groups are nonabelian. In the grand unified theories based on some
nonabelian groups, the local gauge invariance principle also plays the fundamental role.

The Kaluza-Klein theory unifies these two concepts and reduces them to the first,
the local coordinate invariance principle, but in a more than four-dimensional world.
In the electromagnetic case we deal with a five-dimensional manifold. In general we
deal with an (n +4)-dimensional manifold for an arbitrary gauge group, where n =
dim G.

The basic idea is very simple. On the gauge group we have a bi-invariant tensor
(for example the Cartan—Killing tensor). This tensor plays the role of a metric in the
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Lie algebra of the gauge group G (normally it is supposed that G is semisimple). In
the abelian five-dimensional case we have as this tensor the number (—1).

On the fibre bundle we have the natural distribution of horizontal spaces induced
by the connection. The metric tensor g acts on space—time.

We can divide every tangent vector to the fibre bundle in only one way (the
connection is established) into two parts—horizontal and vertical. The horizontal part
we can project onto space-time and the vertical one, due to the connection, onto the
Lie algebra of the gauge group. Thus we have natural (symmetric) metrisation of the
fibre bundle. We can ‘measure’ independently the length of both parts by two
(symmetric) metric tensors and then add these two results. The procedure is similar
in spirit to Pythagoras’s theorem. This construction was first introduced by Trautman
(1970). Having the principle bundle metrised in a natural way (the metric tensor is
bi-invariant with respect to the gauge group action on the bundle) we introduce linear
connections on the bundle (i.e. connections on the bundle of linear frames over the
previous principal bundle) which are compatible in some sense with the metric. The
simplest solution is to suppose that this connection is the Levi-Civita connection as
in the five-dimensional Kaluza-Klein theory. If we calculate the Ricci curvature scalar
for this connection we get a sum of the Ricci curvature scalar on space-time and the
electromagnetic Lagrangian. In the non-abelian case, (n +4)-dimensional, the result
will be more complex; we get a sum of the Ricci curvature scalar on space-time, the
Yang-Mills Lagrangian plus the cosmological constant which is 10" times bigger
than the upper limit from observational data. This makes us change geometry on the
metrised fibre bundle, and abandon the Levi-Civita (Riemannian) connection. We
must employ the connection with torsion. This was done in a natural geometrical way
by Kalinowski (1983); the cosmological constant vanishes (it is almost zero from
observational data). In the light of the new observational data concerning the
quadrupole moment of mass for the sun (see Hill et a/ 1982) it seems that the
general theory of relativity is unable to explain the perihelion movement of Mercury
and Icarus.

Moffat’s theory can explain observational data (see Moftat 1982b, 1983). Moffat's
theory due to using fermion current (fermion number F=B -1, B—baryon charge,
L—Ilepton charge) as a second gravitational charge (the first is the mass) seems to be
closer to elementary particle theory than general relativity. The fermion charge is
conserved in Moffat’s theory. In the grand unified theory (see Langacker 1981) based
on SO(10), fermion number (fermion charge) is one of the generators of the Lie
algebra of SO(10).

Thus it would appear to be important to find the Kaluza-Klein analogue for
Moffat’s theory in the general nonabelian case in order to carry out further investiga-
tions.

This theory, the nonsymmetric-nonabelian Kaluza-Klein theory, unifies the coor-
dinate invariance principle from Moffat's theory and the local gauge invariance
principle for Yang-Mills (gauge) fields.

Following ideas concerning the geometry of the Kaluza-Klein theory described
above, it is necessary to find the natural nonsymmetric metrisation of the fibre bundle
over space-time. The existence of such a nonsymmetric metric on the fibre bundle
is equivalent to the existence of two bi-invariant geometrical objects ¥ and y. The
first ¥ is a symmetric bi-invariant tensor and the second v is a bi-invariant 2-form
on the fibre bundle. The first is constructed and used in the classical Kaluza-Klein
theory (natural symmetric metrisation). It is necessary to construct the second orne.
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Following the basic idea of the previous construction it is necessary to choose a
bi-invariant skewsymmetric form on the gauge group G. We have a natural skewsym-
metric form defined on the Lie algebra of the group. It is the commutator. This form
has values in the Lie algebra of the group. But the inner product of this form and
the vector C =h® Tr[(Xa)z]Xb (trace with respect to the space of the generator
representation) is a number. If the representation is real we have what we were
looking for. The form is bi-invariant with respect to the group action. Unfortunately
this form is often zero. For example it is zero for U(1).

Now following the idea of the symmetric metrisation of the fibre bundle we can
build y from g and the above form. If the form is zero y=*(g), where =* is
a pull-back of 7 (the natural projection on the fibre bundle). This is in the electromag-
netic case and it was done in Kalinowski (1982).

The nonsymmetric-nonabelian Kaluza-Klein theory seems to be a real unified
theory of Yang-Mills and gravitational fields. It not only reduces two major principles
of invariance to the local coordinate invariance principle, but it provides new effects,
which are absent in the classical Kaluza-Klein theory. These effects are also absent
in Moftat’s theory of gravitation and in Yang-Mills theory and are thus ‘interference
effects’ between gravitational and Yang—Mills fields. They are as follows.

(i) The new term in the Yang-Mills Lagrangian

(1/4m)ha (g™ HE, (g™ H ).

(ii) The change in the classical part of the Yang-Mills Lagrangian in replacing
hab by

lap = hap + uKgp.

(iii) The existence of a Yang-Mills field polarisation of the vacuum, M“,5.
(iv) The additional term in the Kerner-Wong equation (equation of motion for
the test particle in the gravitational and Yang-Mills fields)

Hq"/mo)loag®™® — 14sg® ) L3, U

where my is a rest mass of a test particle and g° is its colour (isotopic) charge.
(v) The existence of the cosmological constant p(u) with asymptotic behaviour
for large u

p(u)~constant/u >,

gauge
(vi) The new energy-momentum tensor T,z with zero trace.

(vii) Sources for Yang-Mills fields, the current j*¢,

All of these effects vanish if the metric of P (fibre bundle) becomes symmetric.
In this case we get the classical symmetric nonabelian Kaluza-Klein theory.

The paper is organised as follows. In § 2 we introduce the notations and definitions
of all geometrical quantities which we use throughout the paper. In § 3 we define the
natural nonsymmetric metrisation of the principal fibre bundle. In § 4 we formulate
the nonsymmetric-nonabelian Kaluza-Klein theory. In § 5 we write down the geodesic
equation on P (nonsymmetrically metrised fibre bundle) and we find a new correction
for the Kerner-Wong equation. We calculate connections w“s and W*5 which are
analogous to connections &g and W, In § 6 we calculate the 2-form of torsion and
the 2-form of curvature for the connection w”5. After this we write the curvature
tensor for w®s and the Moffat-Ricci curvature scalar for w?s. Using the results
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obtained we calculate the Moffat-Ricci curvature scalar for the connection W*5. In
§ 7 we deal with the connection & “, defined on the fibre and with cosmological constant
which is the Moffat-Ricci curvature scalar for &“,. We find the asymptotic properties
of the cosmological constant for very large u. In § 8 we define the Palatini variational
principle for the Moffat-Ricci curvature scalar R(W) and obtain field equations for
gravitational and Yang-Mills fields. We discuss and interpret our results and point
out all the differences between the classical and the nonsymmetric-nonabelian Kaluza-
Klein theory. We write down all ‘interference effects’ between gravitational and
Yang-Mills fields which appear in our theory. In § 9 we deal with some special cases
of our theory.

2. Elements of geometry

In this section we introduce the notations and define geometric quantities used in the
paper. We use a smooth principal fibre bundle P, which includes in its definition the
following list of differentiable manifolds and smooth maps:
a total (bundle) space P,
a base E; in our case it is a space—time,
a projection m: P> E,
a map ¢:P X G - P defining the action of G on P; if a,be G and € € G is the
unit element then ®(a)ed(b)=P(ba) and P(e)=id and P(a)p =d(p, a),
moreover mo®(a)=m. w is a 1-form of a connection on P with values in the Lie
algebra of the group G.
Let ®'(a) be the tangent map to ®(a) whereas ®*(a) is contragredient to ®(a) at the
point a. The form w is a form of ad-type i.e.

P*a)w =ad, v (2.1)

where ad,-1 is the tangent map to the internal automorphism of the group G and
ad,(b)=aba™". Due to the form w we can introduce the distribution field of linear
elements H,, re P, where H, < T,(P) is a subspace of the space tangent to P at a
point r and

veH, ©w(v)=0. 2.2)
We have
T.(P)=V,®H, (2.3)

where H, is called a subspace of horizontal vectors and V, of vertical vectors. For
vertical vectors v € V, we have 7'(v) = 0. This means that v is tangent to fibres, Let
us define

v =hor(v) +ver(v), hor(v)e H,, ver(v)e V,. (2.4)

It is well known that the distribution H, is equivalent to a choice of the connection
w. We use the operation ‘hor’ for forms, i.e.

thor 8)(X, Y)=p8(hor X, hor Y) (2.5)

where X, Y € T,(P). The 2-form of curvature of the connection w is:

1 = hor dw. (2.6)
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It is also a form of ad-type like w. () obeys the structural Cartan equation

O =dw +ifw, 0] 2.7)
where [w, w (X, V) =[w(X), w(Y)]. Bianchi’s identity for w is
hordQ1=0. (2.8)

For the principal fibre bundle we use the following convenient scheme (figure 2). The
map e¢: U ->P, UcE, so that eew =id is called a local section. From the physical
point of view it means choosing the gauge. Thus

e*w =e*w'X,)=A°0"X, (2.9)
e*Q=e*(Q°X,) =3F%.6% rG"X..

)
NiVARSae

Figure 2. Principal fibre bundle P.

Further we introduce a notation
Q% =3H", 6" r6" (2.10)
where 8“ = 7*(*), * is a basis on E, 7* is contragredient to 7 and
Fi, =8,A% —3,A% +Ci.ALAS, Xas a=1,2...dimG=n
are generators of the Lie algebra of the group G and
[(Xo Xp]= C 0 X...

In this paper we also use a classical linear connection on manifolds P and E using
the formalism of differential forms. So the basic quantity is a 1-form of connection
™5 (coefficients of the connection). The 2-form of curvature is the following

QAB=d(J) g tw C/\wcg (211)
and the 2-form of torsion
6% =Dg" (2.12)

where 6* are basic forms, D means the exterior covariant derivative with respect to
w®5. The following relations define the interrelation between our symbols and the
generally used ones

0% =T456¢, 0% =3Q"5c6% 7 6°, 0% =3R*gcp6° I (2.13)
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where I'*g¢ are coefficients of the connection (they do not have to be symmetric in
indices B and C), R®gcp is a tensor of curvature and Q“gc is a tensor of torsion.
Covariant exterior differentiation with respect to @5 is given by the formulae

DI4=dZ*+w A EC

D3*s =d3*s+w c A2 ~w s A 34 214

The form of curvature Q0”5 and torsion ®* obey Bianchi’s identities
DQO%z =0, DO =0%5 n 8" (2.15)

In the paper we also use Einstein’s + and — differentiations for the nonsymmetric
metric tensor gap

Dga-5-=Dgas ~8apQ s (2.16)

where D is the covariant exterior derivative with respect to 0?5 and QPp¢ is the
tensor of torsion for w™g. In a holonomic system of coordinates we easily get:

Dga.g-= gA+B—;c0C = (gaB.c —8DB rgc— gADFgB)ec- (2.17)

All quantities introduced in this section and their precise definitions can be found in

Trautman (1970), Kobayashi and Nomizu (1963), Lichnerowicz (1955a) and Einstein
(1953).

3. The natural nonsymmetric metrisation of a bundle P

Let us introduce the principal fibre bundle P over the space-time E with the structural
group G and with the projection #. Let us suppose that (E, g) is a manifold with
nonsymmetric metric tensor

Buv = 8wyt 8lus) (31)
Let us introduce a horizontal lift basis on P.
6% =(m*(6%), 8% =Aw?), A = constant. (3.2)

It is convenient to introduce the following notations. Capital indices A, B, C, run
1,2,3,...,n+4,n=dim G. Lower case greek indices a, 8, v, 6 =1, 2, 3, 4 and lower
case latin a, b, ¢, d =5, 6...n+4. An overbar above §” and other quantities indi-
cates that they are defined on E.

It is easy to see that the existence of the nonsymmetric metric on E is equivalent
to introducing two independent geometrical quantities on E

8= 80" ®0° = gap)8” ®6° (3.3)
g =8apf" AG* =grap0° 1 6° (3.4)

i.e. the symmetric metric tensor ¢ on E and the 2-form g- On the group G we can
introduce a bi-invariant symmetric tensor called the Killing—Cartan tensor

h(A,B)=Tr(Ada°Adg) (3.5)
where Ad4(C)=[A, C]. Itis easy to see that
h(A,B)=h,A® - B® (3.6)



1676 M W Kalinowski

where Agp = CaaC %, hap = hpay A = A°X,, B = B°X,. This tensor is distinguished by
the group structure, but there are of course other bi-invariant tensors on G. Normally
it is supposed that G is semisimple. It means that det(h,,) #0. What is a natural
2-form on G, or a natural skewsymmetric bi-invariant tensor? It is easy to see that

K(A,B)=h([A, B],C), C =h® Tr{(X,)*1X, (3.7)
has these properties and

K(A,B)=K, A" B° (3.8)
where

Ky = C*y - TH{(X.)), Ky =Ko

Trace (Tr) is here understood in the sense of the representation space of generators
X,. If the representation is a real, then K is a real too. The tensor K is zero in the
following two important cases: (a) G is abelian; (b) Aq Tr{(X.)*]1=0. Thus K is zero
for U(1). Let us turn to the nonsymmetric natural metrisation of P. Let us suppose
that:

F(X, Y)=g(r'X, 7' Y)+ A h(w(X), o(Y)) (3.9)
YX, Y)=g(@'X, 7'Y)+ud K (@(X), 0 (Y)) (3.10)

wu = constant and is dimensionless, X, Y e tan(P). The first equation (3.9) was intro-
duced by Trautman (1970) for the symmetric natural metrisation of P and was used
to construct the Kaluza-Klein theory for U(1) and nonabelian generalisations of this
theory (Kerner 1968, Cho 1975 and Kalinowski 1983). It is easy to see that

F=m*g +hau8°®6° (3.11)
}’zﬂ*g+#Kab9a/\6b (312)
or
w O
v<A3,=(g‘OB’ , b) (3.13)
. 0
ma]=(g[0‘” MK). (3.14)
For
YAB = YAB;t Y[AB]
one easily gets
g O ,
Yan =(g0’3 11,) (3.15)

where [op = hap, + wKa. Tensor yap has this simple form in the natural frame on P,
6”. This frame is unholonomical, because:

de® = (A/2)[H®,,6" A 8" —(1/AY)C%8° n8°]1#0. (3.16)
We also introduce a dual frame

V(£a) = vian 0° (3.17)
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We have €4 = (&, &) an
Ze,
Ze,

(3.18)

=0
=0. (3.19)

"< ~<l

Thus y is bi-invariant with respect to the group action on P (£, are of course
fundamental fields on P). In the case with Tr[(X,)]* = 0 for every a we have

_(8s O > 3.2
= . .20
YAB ( 0 B { )
For the electromagnetic case (G = U(1)) one easily finds
8as 0)
— i 3.21
vas= (%0 ] (3.21)

Now let us take a section e: E -» P and fit to it a frame &% a =5,6...n +4, selecting
X* =constant on a fibre in such a way that ¢ is given by the condition

e*d? =0,
Thus we have

w=(1/)P°X, + 7 *(AL6")X,
where

e*w=A=A%0"X..

In this frame the tensor y takes the form

(B8
where

lap = hap + uK ap.
This frame is also unholonomic. One easily finds

dd® = —(1/24)C%. d° A O°, (3.23)

The nonsymmetric theory of gravitation (see Moffat 1979, 1981, 1982a) uses the
nonsymmetric metric g, such that

8.8 =8.8" =68 (3.24)

where the order of indices is important. If G is semi-simple and Tr[(X,)]* =0 for
every a

lab = hap, det(ha) #0
and

haph ™ = 8. (3.25)
Thus one easily finds in this case

‘YACYBC = '}’CA‘YCB = (Si (326)
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where the order of indices is important. We will have the same for the electromagnetic
case (G = U(1)). In general if det(/,,) # 0 then

Lapl® = 1yl = 85 (3.27)

where the order of indices is important. From (3.15) we have (3.26) for the general
nonsymmetric metric y.

4. Formulation of the nonsymmetric Kaluza-Klein theory

Let P be the principal fibre bundle with the structural group G, over space-time E
with a projection 7 and let us define on this bundle a connection w. Let us suppose
that G is semisimple and that its Lie algebra g has a real representation such as
Tr[(X,)*] which is not equal to zero for every a. Tr is understood here in the sense
of the representation space of the Lie algebra g. On space—time E we define a
nonsymmetric metric tensor such that:

8as = Biap)t 8lag]

8asg "’ = 88”7 =81

where the order of indices is important. We define also on E coefficients of two
connections

4.1)

@5 and W?;, &% =1%,8" (4.2)
and

W =W.,60, W =0 —365W (4.3)
where

W=W,0"=3W,,-W?,)8"
For the connection form @& we suppose the following conditions

Dga+g-=Dgus —£a6Q5,(D67 =0,  Qi(T)=0 (4.4)

where D is the exterior covariant derivative with respect to @°s and Q3, (D) is the
torsion of w“s. Thus we have on space-time E, all quantities from Moffat’s theory
of gravitation (see Moffat 1979, 1981, 1982a). Now let us turn to the natural
nonsymmetric metrisation of the bundle P. According to § 3 we have

F=m¥ G +hapb° ®0° = 7%(g10p, 0" R°) + hap8° ®6°
y =7 g+ UKo 7 0° = m*(grag10” A 6°) + uK 0% 1 O° (4.5)

where §° = Aw“. From the classical Kaluza-Klein theory (with symmetric metric) we
know that A = 2~/G/c2 (see Cho 1975). We work with such a system of units that
G=c=1land A =2.

8as O) (4.6)

YAB = ( 0 I,

where

lab = hab +.U'Kab-
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Let us suppose that det(/,,) #0. Now we define on P, a connection ™5 invariant
with respect to the group action on P such that

Dya-5-=Dvas ~¥apQ s =0 (4.7)

where w®p =506 and D is the exterior covariant derivative with respect to the

connection w”g (see equation (2.16)) and QPsc () is the tensor of torsion for the
connection wAB. After some calculations one gets

rs, =T, T =—lug™ LS,

[éy=lag** (L3 +2H3,)

Mh=Li, o= -gal™N% 8

Fep=—~goal "N, b=N&  Ti=T%
where Lgy, %, are ad-type tensors on P such that

48168 ™ La+ lcaBau8” "Ly = 2lcagau8" " H iy 4.9)
and

Zorlasl “Nla + gyolagl “Nbc = 0 (4.10)
and "% satisfies compatibility conditions

lasT e+ laal 8 = 3aaCe. (4.11)
5. Geodetic equations
Let us write an equation for geodesics with respect to the connection w5 on P.

UPVsU%=0 (5.1)

where U A(t) is a tangent vector to the geodesic line and V means covariant derivative
with respect to the connection w5, Using (4.8) one easily finds:

DU?/dt = U®(2Lug® Hp, + (bag “*L%s + l0g"*LE)YUY + UPUNS, = (5.2)
dU*/dt + UPU L= UPU®(gal "N +gaol ““N %) + U U T4, = (5.3)

-

where D/d¢ means covariant derivative with respect to @5 along the line to which
U®(t)is tangent In the symmetric Kaluza—Klein theory (see Kerner 1968, Kopczynski
1980) 2U°" has the interpretation of (g ®/my) for a test particle (q is colour charge or
isotopic charge of the test particle) and the system of equations (5.1) and (5.2) has
first integral U® = constant. In our case it is possible iff

Li=-L%, (5.4)
gp,sl *NZ +gal* N2 =0 (5.5)
cb— Iﬂbc (5.6)

Using (5.5) and (4.10) one gets
N =0. (5.7)
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Finally we get
DU*/dt)~2U" (loag “H sy ~ 2lsag** ~ lag"*)L5,)U” =0

b (5.8)
dU%/der=0
or
DU*/dr —2U" Upug*PH o, — hpag ®'LE, — uKyag' “®' L3 U =0
dU*/dr =0. 39
If the metrics g, and /,; become symmetric,
gl*®l=0, Kpy=0 and Iy =hs
one easily gets
DU*/dt—2U hyg* HEU” =0
(5.10)

dU®%/dt =0.

(5.10) is called the Wong (see Kerner 1968 and Kopczynski 1980) equation in the
case of G =SU(2) and contains the Lorentz force term for the Yang-Mills fields.
From the historical point of view this equation should be called the Kerner equation
because it appeared for the first time in Kerner’s paper (1968) in curved space-time
for an arbitrary semisimple gauge group. Thus in the first equation of (5.9) we
obtained a Lorentz-like force term in the case of the nonsymmetric metric for an
arbitrary gauge field. This term really differs from the analogous term in the symmetric
Kaluza-Klein theory, but if the metric is symmetric we get the classical Kerner-Wong
equation.

6. Geometry of the manifold P

Using (4.8) and (5.4), (5.6) and (5.7) one easily writes the connection a)AB

A (7M@)~ lag*Lig" L5,8"
7 _(lbdgaﬂ(zH:i/B —Li,;)&y a% ) (1
where
Lig=~Lg,
is an ad -type tensor on P such that:
lac8us8 L Sa + lcaan@* "Lty = 2Lcagang” "H 3y 62)
&9 = [,.6¢
and
[ IR A A T o fd.=-T2, @ =T"%0". (6.3)
We define on P a second connection
WA (w*<vZ°e> —dldbg““dLiael’ L@f*) 6.4)
lhag™ (2H'y3 =Lip)8y &%

Thus we have on P all (n+4)-dimensional analogues of quantities from Moffat’s
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theory of gravitation i.e. W*p, w®p and yag. In this nonabelian, general case we
have also the connection on a typical fibre & °,. This connection satisfies compatibility
conditions for the nonsymmetric metric /,, and is invariant with respect to the action
of the group G. The last means that in the natural frame on P I'%. is constant. The
connection @, is analogous to the connection @“, on space-time E. Thus we suppose
that

Qs () =0 (6.5)

where Q%. (') is a tensor of torsion for the connection &°, (cf the second equation
of (4.4)). One easily finds that (6.5) is equivalent to

I&.=0. (6.6)
Let us turn to calculation of a torsion for w 5.

0" =D6". (6.7)
One easily gets

Q5,1 =Q%, (I (6.8)

Q2 (D) =-Q5s(I)

= (a8 ™ + loag )L %~ 21oag “"H 55 (6.9)
QLI =2(Hi —Lj) (6.10)
Q5 (M) = Q% () = ~Ci. +21%) (6.11)

where Q3 (T') is the tensor of torsion for the connection &°; and Q. (I') is the tensor
of torsion for the connection @ 5.
Let us define the ad -type tensor on P, K, such that
L., =H} +K;.. (6.12)
We have
Q;.IN=-2Kj,. (6.13)

We will find the physical interpretation of this tensor. Let us turn to the calculation
of the 2-form of curvature for w*5.

QM =de’s +w*c Ao (6.14)
After some calculations one finds using (6.1)

Q30 = Qa(D) +[laeg 2H 51y — Loty )Liis — lhag " LigHS, ]
gauge

X0 A0 — V,[loag" L210" A 6° + lurolia)cg™ g P LesL 26" A 6°
(6.15a)

gauge

Q)= ( Viollsag ™ 2H 515 —L310)]+3ag ™ (2H —Liaé“m(f))e" rE”

—laloag" gL, s(2H % — L%)6% 7 87 (6.156)
gauge

Q“B(F):< VLl + 305, ';y(f))e" nOY +(VoL3, +1pg"°LS sl 2.)8° A 8Y  (6.15¢)
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Q40 = Q5D + Lg™ L, (2H s ~L1p)07 7 6° (6.15d)

where (_).‘;(f‘) is the 2-form of curvaturgaggoer the connection & °g, QD) is the 2-form

of curvature for the connection @i. V, means ‘gauge’ derivative and generally
covariant derivative with respect to the connection @°s at once. V, means covariant
derivative with respect to the connection @3 on a typical fibre. Q%, (D) is the tensor
of torsion for the connection @ °g. One easily finds using the third equation of (2.13)
the tensor of curvature for w“g from (6.15a-d).

Ry (D)= Ry (D) + 2[l2.g ™ (2H 5ty — Loty Liss — leag*“LigH 5, ] (6.16a)
gauge
R (1) = —R%;, (D ==V, (hag"*Lis) (6.15b)
R g6 (T) = 2l1pl101c8"°8 °LEs Lis (6.16¢)
« gapge aB d d 1 o8 d d \Au /F .
R%,, ()= 2( Violloag ™ (2H 15 “Lﬂe)]) +3hag*® 2H s —L3g) Q1 (T) (6.16d)
R%ay(T) = =R %o (D) = —lralbag g L s2H 5 — L) (6.16¢)
gauge - -
R0 (1) =2( VL1 +123.0% (D) (6.167)
R34, (1) = =R %, () =VoLg, +lg"°LisL g, (6.16¢)
R%a(D) = R%ca () (6.16h)
R0 (1) =21,g* L3, (2H 15 — L}1s) (6.161)
R%3a(l)=R%,(I) =R3,(T')=0. (6.16)

Let us turn to calculations of the Moffat-Ricci tensor for w“p and the Moffat-Ricci
curvature scalar. We have

Rpc(I) = R*pca(l) +1R* apc (D) (6.17)
(see for example Moftat 1982). Thus we have

Ry (1) = Ry (T) + 3R %, () + R %30 +3R “a, (6.18)

Rie(T) = R%a(T) + 3R “apc (T) + R %0 + 3R “ape (6.19)
and

R(I) =y Rpc(T) = g™ Ry, (T) +1* Ry (T). (6.20)

After some calculations one finds
R =RM+R([)~1,2H" - H® —L***H?,) (6.21)

where R(I) is the Moffat—Ricci curvature scalar for the connection ®%a, R([) is the
Moffat-Ricci curvature scalar for the connection @ %,

lab = hab +,U~Kab (6.22)
L =g™gPLig (6.23)
H® =g H°,,. (6.24)
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Now we pass to calculation of the Moffat-Ricci curvature scalar for W%, It is very
easy to see that

R(W)=R(W)+R()—1,,2H® - H* ~L**"H?%,) (6.25)

where R(W) is the Moffat-Ricci curvature scalar for the connection W?;.

7. The connection «“,: cosmological constant

Let us turn to the calculation of the Moffat-Ricci curvature scalar for the connection
&% R(I'). One can find using (6.3) and (6.6)

R() =11l - 3T Cla (7.1)
and using (6.3) and (6.6) one finally gets

R() = ~h,l*I" T 1%, (1.2)
where I'g. satisfies compatibility conditions

las Tac() + laa &) = HaCe (7.3)
and

Poclu) = =Tla(u), Pls(u)=0. (7.4)

It is easy to see that R(I) is a rational function of . But it is a very difficult task to
find the exact dependence on u. Therefore, we have not an exact solution of (7.3)
and (7.4), but we can find an asymptotic dependence for very large u. If u -0 (7.3)
becomes

KD+ Koul'd =K .uChe. (7.5)

Thus in the limit of very large u, I'f.(u) goes to the constant I'g with respect to u.
On the other hand we have

1°° = A%/A (7.6)

where A =det(/,,) and A® is a cofactor matrix formed from L. It is easy to see that
A is a polynomial of nth order with respect to u and A*® a polynomial of (n —1)th
order with respect to w. Thus finally we get for very large u

R = —h,, A AT I8, /A ~ constant/p . (7.7)

If u is sufficiently large, R(I) is as small as we want. It is very important, because
in the classical (symmetric) Kaluza-Klein theory R() plays the role of the cosmological
constant. This cosmological constant is 10'?’ bigger than the upper limit from observa-
tional data. Now we are able to make the cosmological constant as small as we need.

In this way we get the physical interpretation of dimensionless parameter i and some
limits imposed on it

lul=10%, (7.8)
Maybe it is possible to find an exact solution of (7.3) and (7.4). In this way we get
R([) =P (1) Quaalpe) (7.9)

where P,, and Q... are some polynomials with respect to u of order m and (m +2).
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1f the polynomial P,.(x ) has a real root uo we have
R@H)=0 for u = wo.
If we suppose that I/, has a potential Z/ such that
7 =16 n6"=d="=d(2}6%) (7.10)

(J means here the vertical part of d, d=' =d="—hor d=’, and =/, is constant in the
frame 6°). We can transform (7.3) into

Eg(ldbCZc + ladCSb) == angc (711)

and we have

I, =-3=0Ch.. (7.12)
It is easy to see that
In=—Tln (7.13)

and from the second equation of (7.4) we get:

[1)

fChe =0. (7.14)
In the terms of the potential =/ the Moffat-Ricci curvature scalar turns into:

R(T) = ~3hp (1" CLI"CR)(ERER). (7.15)
If the metric I, is symmetric, one easily finds from (7.11)

Ei=-16¢. (7.16)

Unfortunately the general solution in the nonsymmetric case is unknown.

8. The variational principle and field equations. Interpretations and conclusions

Let us define the Palatini variational principle on the manifold P for R(W)

a‘[ R(WWyd"™X =0, VP (8.1)
v

where y = det(yap) = det(g.p) - det(las) = g - A. We vary with respect to independent
quantities: g.s, W3, and w®. After simple calculations one gets

Rog(W) =Yg sR(W) =87 ("Tog+p - gap) 8.2)
g[uu],l’=0 (8.3)
Guvo — 8] ho = Buel 50 =0 (8.4)

gauge

aony _ g (a5 luvipra 8.5
Vu(L ) 4g VB(g H}LV) ( . )



The nonsymmetric-nonabelian Kaluza—Klein theory 1685

where

gauge

Tog= (lap/4m)[(g " L%WH bs — 28" H L H o

~1gaa) L™ H,, — 2" HE, ) (g H %)) (8.6)
g l=v=gg™, L™ =V-ge™g L, 87

gauge

V. means gauge derivative
Lic8up8 " Lia+ ld8u8" Lty = 2lcagan8" "H 5y (8.8)
and
p=pin)=1emR (D). (8.9)

The equations (8.2) and {8.3) are equations for the gravitational field in the presence
gauge

of Yang-Mills field (gauge) sources. T, plays the role of an energy-momentum
tensor for the gauge (Yang-Mills) field. Equation (8.4) is a compatibility condition
for the metric on space-time (see (4.4)). Equation (8.5) plays the role of the second
Yang-Mills equation. It is easy to see that

gauge

g Tup=0. (8.10)

Now we are able to interpret all quantities in our theory. First of all it is easy to see
that Lag plays the role of the second tensor of the Yang-Mills field (gauge) strength
and (equation (8.8)) expresses the relationship between both tensors H 35 and Lzg.

In the electromagnetic case (G =U(1)) we have the tensors F,z and H,z (see
Kalinowski 1982) which are the first and second tensors of electromagnetic strength.

In the classical electrodynamics of continuous media (de Groot et al 1972) or in
nonlinear electrodynamics (Plebanski 1970) it is necessary to define both of these
tensors. The first tensor F,; is built from (E, B), the second from (D, H).

Here we build Hag from (E°, B®) and Lgg from (D H®). For example in
quantum chromodynamics we have D“ (Nielsen and Patkos 1982). The vacuum
behaves as a dielectric for gluon fields. If the metrics g.s and /,, are symmetric,
H¢g =Lgas. Thus it is interesting that the skewsymmetric part of the metric yag
induces some kind of Yang-Mills field polarisation tensor of the vacuum. In the
electromagnetic case (Kalinowski 1982) (G =U(1)) we define the electromagnetic
polarisation tensor of the vacuum M,z induced by the skewsymmetric part of the
metric such that

Hag=F.p—4mM.g (8.11)

(Lzg is analogous to H,g and Hag to F,p).

In the classical electrodynamics of continuous media (de Groot et al 1972) or in
nonlinear electrodynamics (Plebafiski 1970) this tensor is usually defined. Here
we can define the tensor M2z such that

Log=Has —47Mo, (8.12)

where M &5 is the Yang-Mills field analogue of the electromagnetic polarisation tensor
M,s. Itis easy to see that

4mM 2, = —K 55 (8.13)
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(see (6.13)). Thus we get a geometrical interpretation of M4z
Qo) =87M7, (8.14)

(Mzg is of course the ad-type tensor defined on P). Thus the Yang-Mills field
polarisation induced by the skewsymmetric part of the metric y45 is the torsion in
the additional dimensions. This is in very good accordance with results from
Kalinowski (1981). The only difference is that there the Yang-Mills field polarisation
has its origin from external sources and (8.13) plays the role of the Cartan equation
in the Kaluza-Klein theory with torsion. But this is not all. The skewsymmetric part
of the metric y45 also changes the Yang-Mills field Lagrangian

Lym=—(lap/8m)2" H g ) g™ H )~ L H ], ). (8.15)
In (8.15) we have a new term
—2h, (8" H g (g™ H?,)

which is an interaction between the skewon field and the Yang-Mills field. This term
vanishes if the metric of space-time is symmetric and is always non-negative if the
group G is compact. The second term in (8.15) is also a little different from in the
classical Yang-Mills field Lagrangian. In the place of the symmetric tensor h,, we
now have the nonsymmetric tensor

lab = hab + /-‘rKab-

The skewsymmetric part of the metric induces also a source for the Yang-Mills field.
In equation (8.5) we get a current"

aa 1 [+ 3 gauge v a
J* = ;g[ Bl Vs (g™ H?E,). (8.16)

This current vanishes if the metric is symmetric. This is completely different from in
the classical Kaluza-Klein theory (see Kerner 1968, Cho 1975 and Kalinowski 1983).
In the classical (symmetric) approach based on a symmetric metric on P one obtained
the second Yang-Mills equation in the vacuum. Thus the nonsymmetric Kaluza-Klein
theory, combining Moffat’s theory and the Yang-Mills (gauge field) theory, is stronger
than the classical Kaluza-Klein approach combining general relativity and a gauge
theory. In the nonsymmetric Kaluza-Klein theory there exist ‘interference effects’
between gravitation and gauge fields which are absent in the classical approach
(neglecting the appearance of the cosmological constant which is a disadvantage of
the theory and is possible to remove in some approaches (Kalinowski 1983)). These
new ‘interference effects’ are the following.
(i) The new term in the Yang-Mills Lagrangian

(1/4m)ha (g HE, ) (g P HE ).

(ii) The change in the classical part of the Yang-Mills field Lagrangian in replacing
hab by lab-

(iii) The existence of a Yang-Mills field polarisation of the vacuum MJ; which
has geometrical interpretation as a torsion in the additional dimensions.

(iv) The additional term in the Kerner-Wong equation (equation of motion for
the test particle in the gravitational and Yang-Mills fields)

1q®/mo)Upag™® — lpg® L, U”.
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(v) The existence of the cosmological constant p(w) with asymptotic behaviour
for large u

p(w) ~constant/p.2.

Due to these five fundamental ‘interference effects’ we get other effects.
gauge

(i) The new energy-momentum tensor 7T,g with zero trace.

(ii) Sources for Yang-Mills fields the current J*“.
All of these ‘interference effects’ vanish if the metric of P becomes symmetric. In
this case we get classical Kaluza-Klein theory.

9. Special cases

Let us consider some special cases of the theory. First of all let g,z be symmetric and
l.s # lya. In this case we are able to solve equation (8.8) and we get:

L3, =h“l H3,. 9.1)
The Yang-Mills Lagrangian takes the form
Lym=(1/87)(hoa + K WK.a)H™ H 1, 9.2)

where K“; = h“K,,. Let us suppose that [,, = h,, and gas # gg. ; in this case we have
Lym=(1/8m)ha(H H® —~L*"H},) (9.3)

where H® =g 'H?%, and the relationship between L2, and H4; is the following
8468 “Lia+8au8 L5y = 28aug""H g, (9.4)

Now there is not mixing in the gauge indices (not mixing of ‘colour charges’). In the
first special case we are able to calculate the polarisation tensor M.z and we get

Mg =(1/4m)(8%~h*L)Hs (9.5)

In the first case we are able to make the cosmological constant as small as we need.
In the second case we get the classical result with enormous cosmological constant.
If G =U(1) we get the results from Kalinowski (1983)

1 v wy
Lom =g [2(g"'F,,)* ~-H"F,,] (9.6)
v

where

8up8 “Hyg + 8au8" "Hgy = 280,8" "F, 9.7)

and we do not obtain the cosmological constant (U(1) is abelian).
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